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Abstract

We filter the equivariant Eilenberg Maclane spectrum HF,, using the mod p symmetric
powers of the equivariant sphere spectrum, Sp%jp(EOOGS ). When G is a p-group, we show
that the layers in the filtration are the Steinberg summands of the equivariant classifying
spaces of (Z/p)" for n = 0,1,2,.... We show that the layers of the filtration split after
smashing with HF,,. Along the way, we produced a general computation of the geometric
fixed points of HZ and HF,, by using symmetric powers.

1 Introduction

For any abelian group A and a pointed space X let A ® X be the space of finite A-linear
combinations of points on X, with addition given by concatenation and the basepoint treated
as 0. For any connected, pointed space X, the infinite symmetric power Sp>(X) is weakly
equivalent to Z ® X, and so we write Spy,(X) := Z/p ® X for the mod p symmetric powers.

The Eilenberg-Maclane space K(A,/) is given by the space A ® S* ([15]). Stabilizing
in ¢ gives the Eilenberg-Maclane spectrum HA as the spectrum of A-linear combinations of
points on the sphere spectrum $>°S% When the abelian group A is a ring, we obtain the ring
structure on H A by linearly extending the product map S* A S ~ S+,

Let p be a prime, and let us specialize to the case A = Z/p = F,, thought of as a ring.
Henceforth, all spectra are understood to be p-localized. Then as above there is an equivalence
of spectra Sp%o/p(ZOOSO) ~ HF,. The mod p infinite symmetric power model has a filtration
by finite symmetric powers. Let Spy,,(2°5°) C Sp77,(£>5%) be the subspectrum

Sp%/p(ZOOSO) ={aw1+... +apryia; €{1,...,p—1}, 2, € 28 Zai <p"}.
i=1

The product restricts as Spfz'i/p(EooSO) A Spﬂz’j/p(EooSo) — Spg;j(EOOSO), and we consider the
filtration of spectra

$%8% = Spy,(2%8%) C Spy,,(2%8°%) C Sp,(£%8%) C -+ C Sp3, (£°8°) ~ HF,.



The above filtration was studied by Mitchell-Priddy, and (18], Theorem A) identifies the n-th
layer of the filtration as the n-th suspension of the Steinberg summand of the classifying space
B(Z/p)". That is, there is an equivalence of spectra

Sre, B(Z/p)t ~ Spl, (£5°)/Sph,, (£75°),

where e,, is the topological idempotent corresponding to the idempotent element e, in the
group ring Z,)[GL,(F,)]. The aim of the present two-part paper is to prove an equivariant
generalization of the theorem of Mitchell-Priddy.

Theorem 1. Let G be a finite p-group. For each positive integer n, let Sp%/p(EOOGSO) be the
n-th mod p symmetric power on the genuine G-spectrum ©°¢S%. Then there is an equivalence
of genuine G-spectra

X"e, Ba(Z/p)} =~ Sph, (805 /Sph, (82050,

The Steinberg summand construction e,, and the G-equivariant classifying space construc-
tion BgZ/p are both discussed in the companion paper, [20]. The G-equivariant classifying
spaces BgZ/p fit into a theory of equivariant principal bundles ([6]), but in our situation they
can be built explicitly as lens spaces (See . The symmetric powers are topological in na-
ture, while the Steinberg summand is algebraic, and Theorem [1] ties these two constructions
together.

Note that by work of Lima-Filho and Dos Santos ([I3], [4]), there is an equivalence equiva-
lence of G-spectra Sp%p(EWGSO) ~ HIF,. We also prove the following equivariant generaliza-

tion of a well-known fact shown by Mitchell-Priddy.

Theorem 2. Let G be any finite p group. The filtration {Spg;p(EOOGSO)}nZO splits into its
layers after smashing with HE,. That is, there is an equivalence of HIF,-modules

HF, A HF, ~ \/ HF, A X"e,Bc(Z/p)".

n>0

1.1 Intended application

Our intended application is towards a computation of the mod p equivariant dual Steenrod
algebra HF ,AHF, when the group is G = (), the cyclic group of order p, and p is an odd prime.
Theorem [l identifies the layers in the symmetric power filtration of the genuine Eilenberg-
Maclane G-spectrum HIF,. Theorem [2| tells us that after applying the functor HEF, A (-),
the filtration splits. One may then construct an equivariant cellular filtration of the G-space
BgZ/p, and use this filtration to compute the summands HF,AX"e, Bg(Z/p)" in an invariant-
theoretic manner inspired by Mitchell-Priddy (|I8]). This computation will appear in a joint
paper with Dylan Wilson.

For the prime p = 2, the Cs-equivariant dual Steenrod algebra has already been computed
by Greenlees and later Hu-Kriz. Here, % indicates a bigrading over the real representations of
(s, and o denotes the sign representation. Hu-Kriz produced generators in WiQ(HEQ N HEF,)



o &,&, ... of degree |&] = (2 — 1)(1 + o), where & comes from the 2/(1 4 o)-cell of the
Cy-space CP*> ~ B, S°.

® 7o, 71,... of degree |7;| = 2" + (2 — 1)o, where 7; comes from the 2°(1 + o)-cell of the
Cy-space Be,Z/2.

They then proved that
w2 (HEy A HEy) = (HEy) g [&, 7]/ (Toa0 = tg + Nr(Ue), 77 = Tip1as + Eanr(uo))

An exposition of this computation is given in [I4]. It is curious that this result bears a similarity
to the classical odd primary dual Steenrod algebra computed by Milnor. Hu—Kriz ([8]) used the
above computations to analyze the Adams-Novikov spectral sequence for BPr, which converges
to the 2-local stable homotopy groups of spheres.

1.2 Historical significance

The study of the mod p cohomology of the symmetric power filtration traces back to Nakaoka
([19]), who studied the symmetric power filtration for HZ. The n-th layer in this filtration is
given a name,
Sp”" (£°5°) /Sp?" T (£%°5°) =: " L(n).

It is classically known that L(n) ~ e,(B(Z/p)™)P~, i.e. that L(n) is the Steinberg summand
of the Thom spectrum on B(Z/p)"™ corresponding to the reduced regular representation p,, :
(Z/p)* — O(p™ — 1). See the paper of Arone-Dwyer-Lesh [3] for a proof of this fact. The
closely related spectra M(n) ~ e,B(Z/p)" which ([18]) appear as the layers in the mod p
symmetric power were used by Mitchell provide a short proof of the Conner-Floyd conjecture
([17]). It is also a result of Welcher ([2I]) that the spectrum M (n) has chromatic type n.

Let H*(—) denote mod p cohomology. The mod p symmetric power filtration of HIF,
closely reflects the structure of the Steenrod algebra. Mitchell-Priddy showed in [I8] that
H*(Sp’%}p(Z"OSO)) has a basis given by the classes 6!(u,) where u, € HO(Sp’Z;p(Z“’SO)) is a
generator, and [ varies over admissible sequences of length at most n. Within this vector
space, H*(X"M (n)) is the span of the classes 67 (u,,) with length ¢(I) = n. A paper of Mitchell
([16]) demonstrates the algebra and invariant theory involved.

The Whitehead conjecture, proven by Kuhn ([12], [9]), states that the attaching maps yield
a long exact sequence on homotopy groups

i L(3) —> L(2) —> L(1) —> §* —~ HZ—>0

This is a resolution of the spectrum HZ by spacelike spectra, i.e. spectra which are stable
summands of spaces ([I1]). Kuhn’s orignial and also his modern proof ([10]) utilizes the fact
that there are almost no .A-module maps between the H*(L(n))’s, which is a kind of rigidity
result. It is an observation due to Mitchell-Priddy that M(n) ~ L(n)V L(n — 1), and there is
a mod p version of the Whitehead conjecture. The main theorems of the present paper suggest
that the above story may have an equivariant analogue.



1.3 Outline of the paper

Our proof of Theorem (1] is inspired by Mitchell-Priddy’s proof of the nonequivariant ana-
logue, which is by induction on n. The n = 1 case, namely that Ye;(BZ/p); ~ X(BY,);+ ~
(HF,),/(HF,);, is done by an explicit geometric argument. Now let n > 2. Both the Stein-
berg summands and the mod p symmetric powers are equipped with product maps. But the
product maps on Steinberg summands have retractions. One has an intermediate inclusion of
the Steinberg summand e, B(Z/p)t C (e1X---Xey)B(Z/p)’y. Now construct the commutative
diagram

Sre, B(Z/p)t ————— ¥"(e1 BZ/p; )"

—=Y"e, B(Z/p)" . (L.1)

7 n—1
(Spy, (2°8°) /Spg(BFS0)N" ——Sp} ,(5%5°)/Sp5, , (£57)

Mitchell-Priddy prove that the zigzag composition ¥"e,B(Z/p)}y —— (HFp)pn /(HF,)pn-1
from the top left to the bottom right of this diagram is an isomorphism on mod p cohomology,
and therefore is a p-local equivalence. The proof is by induction on n and requires a particular
lemma about the interaction of the e, with the action of A in cohomology (|[I8], Section 5).

Our proof of Theorem [I] follows a similar strategy. The n = 1 case is proven in Section
Bl For n > 2, we construct the analogous commutative diagram, and must prove that the
zigzag composition X"e,Ba(Z/p)" — Spg;p(ZOOGSO)/Sp%:(EOOGSO) is a p-local equivalence
of genuine G-spectra. By induction on the group G, it suffices to prove the zigzag composition is
a mod p homology isomorphism on geometric fixed point spectra. Most of the hard supporting
work in the proof is in computing the geometric fixed point spectra ®°(e,Bg(Z/p)") (done
in [20]) and (IDG(Spg;p(EOOGSO)/Sp%;(ZOOGSO)7 and computing the effect of the maps in the
above diagram.

Here is an outline of this paper. In Section [2| we define the notion of the primitives of
a G-space X, and prove a wedge sum decomposition of the geometric fixed points of the
mod p symmetric powers of a suspension G-spectrum %>°“X whose summands depend on
the fixed point space X and the primitives of the G-space S°P¢. In Section [3| we prove
that the primitives of S°P¢ are the homotopy orbit space of a certain subgroup complex. In
Section 4] we compute the effect of the product maps relating the geometric fixed point spectra
{@GSp%/p(EOOGSO)}nZO as they pertain to our decomposition of the geometric fixed points.

In Section [5| we prove that there is an equivalence of G-spectra

8P, (E95%) /Spy, (£°95°) ~ £2C(BoAfh)

where Aff; is the group of p(p — 1) affine permutations of the one-dimensional IF,-line. This
is the n = 1 case of Theorem [I] In Section [} we combine the cumulative results of [20] and



Sections [2] B} [, to describe the zigzag composition of Diagram on the homology of the
geometric fixed points

f ¢ HA(O (e, Ba(Z/p)}): F,) — H.(¥9(SpY), (5°C5") /Sps), | (5050 F,).

We then use matrix algebra to prove that this map is an isomorphism, completing the proof
of Theorem [I] Finally in Section [7] we prove Theorem 2] using a short and straightforward
argument.

2 Fixed Points in Symmetric Powers
Let G be a finite group and let X be a pointed G-space. We decompose the G-fixed points of

the infinite symmetric power Sp™(X) by using a tower of fibrations. Specifically, we produce
in Proposition [10] a finite sequence of topological abelian monoids

Spoo<XG) :Fg F1 FQ Fm:SpOO(X)G

and identify F;_; — F; as the homotopy fiber of a map from F; to the infinite symmetric power
of what we call a primitive of the G action on X, or Pr#(X). There is a single primitive
functor, and hence a single layer, for each conjugacy class of subgroups of G.

In Proposition we generalize this decomposition to the free Z/p-module generated by
X, i.e. the mod—p symmetric powers, the case of Proposition [10|being p = 0. The main content
of Proposition [11]is that this decomposition splits if G is a p-group.

In Proposition [19, we extend this decomposition to the case of the geometric fixed points
®C of the infinite symmetric power of a suspension G-spectrum X*°“X. In the context of
spectra, we may exploit two further phenomena: fiber and cofiber sequences coincide, and the
natural (nonequivariant) map

X ASp™(E>®SY%) — Sp™(E™X)

is an equivalence. This allows us to decompose the geometric fixed points of the finite sym-
metric power

dESp™(B=UX)
in a similar manner to our decomposition for Sp>. This is Proposition Combining Propo-
sition [19] with Proposition [11] we obtain a decomposition of

dCSpy /p(EOOGX)

when G is a p-group. This is Proposition 20} The infinite symmetric power of the genuine G-
spectrum $°¢ S is a model for the equivariant Eilenberg-Maclane spectrum HZ, and therefore
the finite symmetric powers are a filtration for this genuine G spectrum (Corollary . We
thus deduce decompositions of the geometric fixed point spectra ®“(HZ) and ®“(HF,) in

Propositions 24 and



2.1 Symmetric Powers with Coefficients

Definition 3. Let X be a pointed G-space, and let n > 1 be a positive integer. The n-th
symmetric power of X is the pointed G-space

Sp™(X) = X*"/3,..

There are inclusions Sp™ (X ) < Sp™(X) given by adding a copy of the basepoint of X. The
quotient of this inclusion is given by

Sp™HX) — Sp™(X) = X"/%,,.
The infinite symmetric power of X is the colimit
SpeX = colim, ,.Sp"(X) = {(z1 + 22+ ...+ @) 1 21,...,2, € X}.

The space Sp™(X) is the free topological abelian monoid on X, and we write its elements as
formal sums as above.

It is easily seen that Sp™(—) is a functor from pointed G-spaces to pointed G-spaces enjoying
the following properties.

1. There is an addition map given by formally summing,

Sp™(X) x Sp™(X) — Sp™ ™ (X).

2. Because the addition map is commutative, there is an amalgamation map,

Sp™(Sp™ (X)) — Sp™"(X).

3. There is a multiplication map given by formally multiplying,

Sp™(X) A Sp™(Y) — Sp™ (X A Y).

More generally if M is any G-module, one may define the free topological M-module over
X, denoted by M ® X (see definition 2.1 in [4] for the precise definition).

M®X ={mx+...+mux, :m; € M,z; € X}

The group G acts on the space M ® X by acting on both coordinates simultaneously.
When M is the group Z with trivial G-action, then the inclusion Sp™(X) — Z ® X is a weak
equivalence as long as X is connected for every subgroup H.

When M = Z/p with trivial action, we given a special name to this functor.



Definition 4. For any pointed G-space X, define the infinite mod p symmetric power of X
as the topological Z/p-module,

Sp7, = L/p @ X = {(axy + ... + any : a; € L/p,x; € X}

There is an obvious surjection Sp™(X) — Spz),(X). We define the n-th mod p symmetric
power, denoted Spy ,(X), as the image of Sp"(X) under this surjection. Note that Sp"(X) =
Spz,p(X) for 1 <n <p-1.

It is easily seen that for any G-module A, the functor A ® (—) takes cofiber sequences of
pointed G-spaces to fiber sequences of unpointed G-spaces.

2.2 The Primitives of a (G-space

Let G be a finite group, and let X be a G-space. For any two subgroups H C K C G, there
is an inclusion of fixed point spaces X* C X . Thus,

Definition 5. The fixed point spaces {X"}yce define a filtration of X indexed over the
(opposite) poset of subgroups of G. We call this filtration the fized point filtration of X.

The space X carries an action of the normalizer subgroup Ng(H) = {g € G : gHg ' =
H}. Since H acts trivially on X we obtain a residual action of the Weyl group, Wg(H) =
Ng(H)/H upon X*H.

Definition 6. We let X (H) denote the H-th layer in the fixed point filtration, i.e.
X(H)=Xx"/(| ] x5).
K2H

By definition, each point x € X (H) has isotropy group {¢g € G : gv = x} = H. Therefore, the
Weyl group We(H) acts freely on the pointed space X (H), and we define the quotient of this
action as the G/ H -primitives of X

Pré/H(X) .= X (H)/Wg(H).
Example 7. The first stage of the fixed point filtration is Pré/¢(X) = X¢.

For each subgroup H, PrG/H(—) is a functor from pointed G-spaces to pointed spaces
enjoying the following properties.

1. Suppose that H, H' C G are conjugate, that is there is some g € G such that H' = gHg™'.
Left action by ¢ induces a homeomorphism

g X(H) — X(H).

~

and therefore, a homeomorphism Pr&/#(X) — Pr¢/#'(X) .



2. Let [H] denote the set of subgroups of G which are conjugate to H. Then G acts on the

wedge sum \/ X(H’), and the isotropy group of x € X (H') is H'. One may just as
H'e[H]
well define Pr " (X) as the strict quotient Pr&(X) = ( \/ X(H"))/G.

H'€[H]

3. (Product) For ¢ = 1,2, let G; be a finite group, H; C G; a subgroup, and X; a pointed
Gi-space. Then there is a product map, which is a homeomorphism

G1xGo

Prév/H (X)) A Pro2/H2 (X)) o Pricmz (X, A X,).

2.3 Subgroup Orderings

We would like to convert the fixed point filtration of X into a true filtration, and this motivates
the following definition.

Definition 8. A subgroup ordering for G is a sequence of subgroups Hy, Hy,...,H,, C G
satisfying two properties.

1. Every subgroup of G is conjugate to exactly one of the H;.
2. If i < 7, then no conjugate of H; is a subgroup of Hj.
These two properties imply that Hy = G and H,, = {1}.

Given a subgroup ordering Hy, ..., H,,, one may construct an honest filtration of X,

X¢=xc |J x"c |Jx"c.c | XTcx=Xx = (21)

HIG[Hl] H’G[HQ] H’G[Hmfl]

It is clear that when G is a finite group, a subgroup ordering exists, and henceforth we will
simply pick one. For our purposes, it does not matter which one.

2.4 Fixed Points and Primitives

Recall that Sp>(X) denotes the free abelian monoid on the pointed G-space X. The G-fixed
point space Sp™®(X)¢ C Sp™(X) is the space of sums (z; + ... + x,) such that G permutes
the points z1, ..., r, in some fashion. In general, the topological abelian monoid Sp™ (X )¢ is
not a free one, i.e. there is no pointed space Y such that Sp™(X)¥ = Sp®(Y).

We will use the fixed point filtration of X to product a resolution of Sp™(X)“ by the
free abelian monoids Sp* (Pr¢/#i(X)) (Proposition . We will also show that the analogous
resolution of Sp%p(X)G splits as a Cartesian product when G is a p-group (Proposition .
Our proofs will rely on the following lemma.



Lemma 9. Let H C G be a subgroup, and suppose that every point v € X has isotropy group
conjugate to H. Let [G : H] = |G|/|H| denote the index of the subgroup H. Then

1. The fized point space Sp™(X)% is the free abelian monoid Sp™ (X )% = Spm(Sp[G:H}(X)G),
with the homeomorphism given by amalgamation.

2. There is a homeomorphism Sp[G:H] (X)¢ ~ PrG/H(X)-

Proof. (1) is immediate from the observation that any sum (z; + 22 + ... + z,) € Sp™(X)¢

decomposes as a sum of G-orbits isomorphic to G/H.
Now we prove (2). Let a = [Ng(H) : H], and let b = [G : Ng(H)], so that [G : H] = ab.
By definition, Pré#(X) = X /W4 (H). The transfer map

XH /W (H) — SpleHl(x)
[z] — Z gx
geG/H

has an inverse given as follows. If (z; + ...+ 2jc.q) is a G-fixed point of Sp/“#!(X), then
there are a points x; with isotropy group H — pick one. The image of z; in the quotient space
XH /Weg(H) does not depend on which point we pick, and

Z gl’j = (ZL’l + ...+ x[GH})
geG/H

]

Proposition 10. Let Hy, Hy, ..., H,, be a subgroup ordering (Definition @ for G. Then the
functor (Sp™(—))¢ has a filtration by functors valued in topological abelian monoids

Sp™((-)%) = Fo—= Py —— Fy— - ——= Fp oy — F = ($p™(=))°

where for each 1 < 1 < m, the map F;_y — F; is the homotopy fiber of a fibration F;, —
Sp>(Pre/i(-)).

Proof. Fix a pointed G-space X. For 0 <4 < n, let C; denote the subspace C; = |J X'
H'e[H;]
Then as in Equation one has the following filtration of X:

X¢=C,cC,C---CCpr,CCpr=X.

For each 0 < i < n, let F; := Sp™(C;)®. The functor Sp™(—) (Definition [3)) takes cofiber
sequences to fiber sequences, and the functor (—)¢ preserves fiber sequences. Thus, for each
1 < i < n, one has a fiber sequence

Fiy— F,— Spoo(ci/ci—l)G-



Every isotropy group of the cofiber C;/C;_; is conjugate to H;. Thus, by Lemma[9] there is a
homeomorphism

Sp>(C;/Ci_1)% = Sp>(Pr¥Hi(C;/C;_1)).

It is easily seen that Pr%#:(C;/C;_y) = Pr®H:(X), by the definition of the primitive functor
(6). Thus, the proof is complete. O

Pictured: An element of (Sp?(X))¢ with three orbits.

Proposition 11. Let G be a p-group. Let Hy, Hy, ..., H,, be a subgroup ordering (@ for G.
Then the functor (Sp%p(—))G has a filtration by functors valued in topological abelian monoids

Sp77,((—)%) = Fo F Fy e Frna Fon = (Spz),(—))¢
where for each 1 < i < m, the map F;_1 — F; is the homotopy fiber of a split fibration
Fiy —> F, = Sp3, (P19 () |

Thus, the functor (Sp%p(—))G splits as a Cartesian product

(SpZ/p = H pZ/p PrG/H ))
i=0

Proof. Fix a pointed G-space X. For 0 < i < n, let C; denote the subspace C; = J xH
H’G[Hi]
as in Proposition Let F; = (Sp%o/p(C’i))G. Consider the continuous map of pointed spaces

f: X" = F

defined by f(z) = > gz. Observe the following two properties of f.
9€G/H;

10



e If the isotropy group of z is some K 2 H;, then the index [K : H;| is a power of p
(because G is a p-group), and it follows that f(x) = 0. Therefore, the map f factors

through the quotient X/ J XX,
KOH;

e It is easily checked that for any w in the Weyl group W¢(H;), we have f(wz) = f(z).

So f descends to a map

FiPa(x) = (x| X)W @fpe | x)E
K2H; H~H;
Extend this map Z/p-linearly to obtain the desired section map (Sp%p(PrG/Hi(X))) — F. It
is easily seen that this map is the inverse to the fibration F; — (Sp%p(PrG/Hi (X))). O

As a corollary, we deduce the existence of another structure map for the primitives functor
when G is a finite p-group. Let G’ C G be any subgroup, and let H <G be a normal subgroup.
Let H' = G’ N H denote the intersection. Then the G-set G/H decomposes as a G'-set into

the disjoint union of p™ = Ig,‘ﬂﬁ;} copies of G'/H', i.e.

res (G/H) = (G'/H') U (G'/H')U--- U (G'/H).

The reason for assuming that H < G is to avoid subtlety about how ¢Hg ! N G’ may vary in
size for different conjugate subgroups gHg™!.
For any G-space X, consider the inclusion of fixed points

L: Sp%p(X)G — Sp%p(X)G/.
Using the Cartesian product decomposition of Proposition , we obtain a Z/p-module map
Sp%p(PrG/H(X)) — Sp_%o/p(PrG//H/ (X)) which is the free Z/p-module on a map
(Pr¥/H(X)).

Pro/f(X) — Sph .
Definition 12. The map Pr¢#(X) — SpﬁZ’ZLP(PrG//H/(X)) described above is called the re-
striction map for primitives.

2.5 Passing to Spectra

For our purposes, a spectrum X is a sequence of pointed spaces Xg, X1, Xo, ... with specified
structure maps XX, — X,11. A map between spectra f : X — Y is a collection of maps
fn + X, — Y, compatible with the structure maps. Such a map f is an equivalence if f, is
an equivalence on homotopy groups up to dimension n + £(n) for every n, where ¢ : Z>o —
Z>( is some function such that nhg)lo ¢(n) = oco. Intuitively, this means that as n grows, the

connectivity of f, grows at a rate faster than n.
When G is a finite or compact Lie group, there are two types of G-spectra to consider. See
[7] for a detailed working guide to equivariant spectra.

11



Definition 13. A naive G-spectrum X is a sequence of pointed G-spaces Xg, X1, Xa,... with
specified G-equivariant maps >X,, — X, ;1. For example, if X is a pointed G-space, then its
naive suspension spectrum is the naive G-spectrum

X = {S" A X }uso.

For every subgroup H C G, one has the fized point spectrum X7 = {XH} -o. A map
f: X = Y of naive G-spectra is said to be an equivalence if f : X — Y is an equivalence
of spectra for every subgroup H C G.

Definition 14. Let RO(G) denote the orthogonal representation ring of G, and let pg (resp.
Pe:) denote the regular (resp. reduced regular) real representation of G. A genuine G-spectrum
X is a collection of pointed G-spaces {Xy} for every orthogonal G-representation V', with
specified G-equivariant maps

SV A Xy — Xy
whenever V' is a subrepresentation of W. For example, if X is a pointed G-space, then its
genuine suspension spectrum is the genuine G-spectrum

EOOGX - {SV A X}VGRO(G)-
The geometric fized point spectrum, ®FX, is the spectrum whose n-th space is defined by

(X)), = X¢

npG”

For each subgroup H C G, let i3;X denote the genuine H-spectrum given by restricting the
action, and define ®7X := &% % X. A map f : X — Y of genuine G-spectra is said to be
an equivalence if ®i% f: &3, X — ®H4%Y is an equivalence of spectra for every subgroup
H C G. Note that of X is a pointed G-space, then ®¢(X°¢X) = (X ),

Definition 15. Any naive G-spectrum X = {X,},>0 may be promoted to a genuine G-
spectrum {Xv }vero(e) as follows. For any orthogonal representation V, let V& denote the

fixed points and V C V denote an orthogonal complement to V. Note that VY = 0. Then
we define pointed G-spaces Xy indexed over the orthogonal representations V' by

Xy =SV A Xye.

This construction defines a functor i, from naive G-spectra to genuine G-spectra, and this
functor can be viewed as inverting the representation sphere SP¢. It is easily checked that

dC(i,X) ~ XC.

Let n be a positive integer. The n-th symmetric power functor Sp™(—) may be applied
to a naive or genuine G-spectrum by application to each component space. We decompose

12



the geometric fixed points of the n-th symmetric power of a genuine suspension spectrum of a
pointed G-space X via a filtration of spectra

Sp"(X*XY) = Fy F e F,, = ®%(Sp™(E>Y X))
where the cofiber of the map F;_; — F; is given by a smash product of three factors
cof (Fy_y — F;) ~ X A Spl/eil(52060) A pr&/Hi(§o%a)

where ¢; is the index of the subgroup H; in G. This is Proposition [I9 Our proof relies on
Lemmas and [L8 about finite symmetric powers in the stable setting, stated below and
proven at the end of this section. These are equivariant analogues to several lemmas in (2],
Section 7).

Lemma 16. The natural transformation
(=) A Sp"(E%CS°%) — Sp™(ZY(-))

15 an equivalence of functors from pointed G-spaces to genuine G-spectra. In particular, this
functor preserves cofiber sequences.

Lemma 17. The functor Sp™(X°°(—)) from pointed G-spaces to naive G-spectra preserves
cofiber sequences.

Note: It is NOT true that X A Sp™(2*°S%) — Sp™(X*°X) is an equivalence! For example,
if X is a G-space whose fixed points are contractible, then the two naive G-spectra above have
different G-fixed points.

Lemma 18. For any nonnegative integer €, there is an inclusion of G-representation spheres
Stra s SE N S%Pc . The resulting natural transformation of functors from pointed G-spaces to
spectra is an equivalence.

O (Sp"(EXC(—))) — Sp"(B%(S™Fe A ()
Given these three lemmas, we state and prove the main proposition of this section.

Proposition 19. Let Hy, ..., H,, be a subgroup ordering of G, and for each i let ¢; = [G :
H;). Then the functor ®%(Sp"(X>=%(-))) from pointed G-spaces to spectra has a filtration by
functors

Sp(5%()C) = Fy— Fi =+ —— F, = B6(Sp" (574(-)))
where F;,_1 — F; is the homotopy fiber of a fibration

Fy — (=)% A Splr/eil (2280 A Pré/Hi(§7c),
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Proof. Let X be any pointed G-space. By Lemma [16] the natural inclusion
XC A PC(Sp™(B=CS0) — &% (Sp™(B™UX)

is an equivalence of spectra. It therefore suffices to prove the proposition when X = S°. By
Lemma (18]
B4 (5" (57505)) e 5" (5757

so we instead compute Sp™(X°°(5°P¢))¢. Consider the isotropy filtration of S°7c.

s O Oy O ——= 5P = ] 5P

H/E[Hi]

where the cofiber of the inclusion C;_; — C; is denoted S°°P¢(H;). Applying the functor
Sp™(£°°(—))% to this diagram, one obtains a filtration

Sp"(1%8%) —=Sp"(8%°C1)¢ — -+ —=Sp"(U*C,, )¢ —— Sp" (BX57Pe)¢
By Proposition [L7] the cofiber of the inclusion Sp™(¥°C;_1)% — Sp"(£=C;)¢ is
Sp (25776 (H,)) o Spl/o) (£ Py/ % (5°570))
which completes the proof. O]

Since the associated fibration sequences in the mod p symmetric powers split (via Propo-
sition [11)), we deduce the following result in a manner similar to the proof of Proposition
above.

Proposition 20. Let Hy, ..., H,, be a subgroup ordering of G, and for each i let ¢; = [G : H;.
There 1s an equivalence between the two functors from pointed G-spaces to nonequivariant
spectra,

$Spg, (279 (=)) = () AN/ (Spg (£5%) A PrélHi(50)).
=0

We now prove Lemmas [16] [I7] and

Lemma 21. Let R" denote the reduced standard (n — 1)-dimensional representation of ¥,,.
Let T' be a subgroup of the Cartesian product G x %,, such that I' N (1 x ¥,,) is nontransitive.
Then the I'-fized points of the representation pg ® R are nonzero.

Proof. Let " = T'N (1 x X,,). Since I is nontransitive, there is a vector w € R which is fixed
under I'V. Pick any vector v € pg such that the images {gv},eq are linearly indepdent, and

consider the vector
ui=Y v w)
yel

14



Clearly u is fixed by I', so it suffices to prove that u is nonzero. Let H denote the projection of
' onto GG, and let W denote the projection of I" onto 3,,. It is easily checked that I is a normal
subgroup of U, and so I' may be thought of as the graph of a homomorphism f: H — V/I".

Then
u=> yweow) =Y hwea (- f(hw)

which is clearly nonzero because the images {hv},cy are linearly independent vectors in the
representation pg. O

Proof of Lemma[16 We use induction on n. The case n = 1 is a tautology. Now consider
general n. We will show that for any positive integer ¢ and any subgroup H C G, the natural
map

(X ASpP(8%9))1T = (8p™(X A 5%

is an isomorphism on homotopy groups up through dimension (2¢/ — 1). Note that for any
pointed G-space Y, Sp"(Y)/Sp" 1(Y) ~ Y /%, and so it suffices for us to show that the
natural map

X A(8%e)" /5, = (X A SPe) s,
is (2¢ — 1)-connected. To prove this, it suffices to show that for any subgroup I' C G x 3,,, the
map of fixed point spaces

(X A (8" — (X0 A (S0

is (2¢ — 1)-connected. Let H denote the projection of I' onto G. The two terms above can be
rewritten as follows.

XH A (Sfpc)H A (Sé(pc:@W))F - (X/\")F A (Sepg)H A (Sé(pc:@@))r

If T N(1x X,) is transitive, then (X"")I' = X# and the map above is the identity map, so
we are done. Suppose instead that I' N (1 x X,,) is nontransitive. Then (5%¢)" has dimension
at least i, and by Lemma (SUPc®R" NI has dimension at least 7. Thus, the two spaces

above are each at least a 2/-fold suspension, and therefore the map shown is automatically
(2¢ — 1)-connected. O

Proof of Lemma[I7]. We use induction on n. The base case n = 1 is a tautology. Now consider
general n. Let X — Y — Z be a cofiber sequence of pointed G-spaces. By an argument
analogous to the previous lemma, it suffices to show that for any subgroup I' C G x %, the
map of fixed point spaces

((S£>/\n A YAn/X/\n)F SN ((SZ)/\n A ZAn)F

is (2¢ — 1)-connected. Define ¥ to be the projection of I' onto ¥,. If ¥ is nontransitive, then
(S = §4oY) where o(¥) is the number of orbits of {1,...,n} under the action of ¥. Then

15



the two spaces above are each at least a 2/-fold suspension, and the map above is automatically
(2¢ — 1)-connected.
Suppose that W is transitive. Let H = ' (G x 1). Then for any G-space A, the map

f(AME = AT flay,...,a,) =a;

is a homeomorphism. This is true because a; can be freely chosen to be any H-fixed point of
A, and each a; is uniquely determined by the point a;. Therefore, (Y"/ X" )" ~ YH /X and
(ZM)' ~ ZH. The pointed spaces Y /X# and Zf are homotopy equivalent, and therefore
the map of I'-fixed points is an equivalence. O

Proof of Lemma[I8 By induction on n, it suffices to prove that the map of pointed spaces
((Sé A S@G)/\n)l“ — ((SK A Sooﬁc)/\n)l“

is a (20— 1)-equivalence. If the I'-fixed points of the representation (p, ® R™) are zero, then the
above map is an equivalence. If the I'-fixed points of the representation (p,; @ R™) are nonzero,
then both of the spaces above are 2¢-fold suspensions, and the map is a (2(—1)-equivalence. [

2.6 Equivariant Eilenberg-Maclane Spectra

Let X be a based G-CW complex and let M be a G-module. Recall, either from Section
or from ([4], Definition 2.1) that M ® X denotes the free topological M-module over X where
G acts diagonally. When M = Z, one obtains a G-space weakly equivalent to the infinite
symmetric power of X, and when M = Z/p, one obtains the infinite mod p symmetric power
of X. These topological modules were studied in the papers [I3] and [4], where it was shown
that the equivariant homotopy groups of M ® X encode the equivariant homology groups of
X.

Definition 22. Let G be a finite group, and let M be a Mackey functor for the group G.
Then there is a genuine G-spectrum H M, called the Eilenberg-Maclane spectrum for M, which
represents the functor for Bredon (co)homology with coefficients in M.

We will not use equivariant homotopy groups, equivariant homology groups, or Mackey
functors in this paper, and so we will not define them — the reader may consult [5] for a
reference. However, our main result is motivated by a desire to decompose the equivariant
Eilenberg-Maclane spectrum HIF,,, which is the genuine G-spectrum representing Bredon co-
homology with coefficients in the trivial G-module F,. Thus, we illuminate the connection to
mod p symmetric powers.

The primary result we are interested in is (J4], Theorem 1.1), which states that M ® X is
an equivariant infinite loop space and there is an equivalence natural in both the G-space X
and the G-module M,

7E(M @ X) = HE(X; M).

16



When G is the trivial group, the above result reduces to the classical Dold-Thom theorem. If
we let X denote the representation sphere SV, then one obtains an equivalence of equivariant

infinite loop spaces
M®SY ~K(M,V).

Using naturality, we obtain an equivalence of genuine G-spectra
M@E®¢S° ~ HM.

If M is a ring with a unit 1 € M, then HM is a ring spectrum, and the inclusion ¥*°¢S0 <
M @ ¢S50 ~ HM is the unit of the genuine G-spectrum HM. The following corollary is
immediate.

Corollary 23. There are filtrations of genuine G-spectra
ZOOGSO ~ Spl(ZooGso) g Sp2(ZooG50) g Sp3(zooG50) g . g SpOO(ZOOGSO) ~ HZ
%2680 ~ Spy  (5%95°) C Spy, , (57957 C Spy,, (8287 C -+ C Spgy,(B°9S°) ~ HF,,

The multiplication map on finite symmetric powers (resp. finite mod p symmelric powers) in
Deﬁnition@ﬁlters the ring structure of HZ (resp. HF,),

Spm<zooG50) A Spn(zooGso) N Spmn(zooGso)
Sp%p(EOOGSO) A Sp%/p(EOOGSO) — Spg‘];(EOOGSO).

Thus, our work in this section yields computations of the geometric fixed point spectra
®Y(HZ) and CDG(HEp).

Proposition 24. Let Hy,...,H,, be a subgroup ordering of G. The geometric fized point
spectrum ®C(HZ) has a filtration by HZ-modules,

HZ = Fy Fy F,, = ®“(HZ)
where F;_1 — F; is the homotopy fiber of a fibration of HZ-modules
F; — HZ A\ Pro/Hi(§o%a),
Proof. Apply Proposition O

Proposition 25. Let Hy,..., H,, be a subgroup ordering of G. There is an equivalence of
HTFF,-modules

O (HF,) ~ \/(HF, A Pr/H:(5°7c)).
i=0
Proof. Apply Proposition ]

In the next section, we compute an explicit expression for the space of primitives pré/H (S°Pa).
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3 The Primitives of an infinite representation sphere

Let G be a finite group, and let X be a pointed G-space. We compute the primitives of
the G-equivariant suspension spectrum of X, which is an equivalent task to describing the
space Pr&/H(§°>%c A X)) (Proposition . To give the explicit description, we must give two
definitions.

Definition 26. For any unpointed space Y, we use the notation Y to denote the unreduced
suspension of Y. The space Y will be considered based, with the image of Y x {0} — Y as
the basepoint. In this way, even if Y is not a based space, Y is.

Definition 27. For any subgroup H C G, we write P(G)-y to be the poset of proper sub-
groups of G which strictly contain H.

Let Ng(H) := {g € G : gHg~' = H} denote the normalizer subgroup of H, and let
Wea(H) := Ng(H)/H denote the Weyl group. Then Proposition |32 states that

PrG/H(SOOﬁG AX) ~ E(P(G)%H)hWG(H) AXC.

The main idea of the proof is that one may cover [J §ooPE by the contractible subspaces
KOH

S°PG where K varies over the poset P(G)-y U{G}. With this covering one may prove, using
Lemma , that |J S°P¢ ~ P(G)%,.
KOH

When we restrict our attention to p-groups G, a further simplification occurs. Any p-group
G has a maximal elementary abelian quotient G — G/F, where I’ denotes the kernel of the
quotient map (Definition [33). If H does contain the subgroup F, then we show the poset
75(G)3H is contractible (Lemma . This allows us to simplify the expression above, and this
simplification is stated in Proposition [35] Proposition combines all of the results of this
section into a form we will use later.

Definition 28. Let G be a finite p-group. We let C be the set
C:={H <G :G/H is an elementary abelian p-group}.

The set C is closed under taking intersections, and its minimal element F' is the Frattini
subgroup of G (Definition [33)). A subgroup H is contained in C if and only if F C H.

Proposition 29. Let G be a p-group. Then there is an equivalence of Z/p-modules,

Spp(5°Pe)Y ~ ] Sp25,(SP(G)8y A B(G/H),).

HeC
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Proof. Proposition [11]implies that there is a homeomorphism
SpZ/p SOOPG = H pZ/p PrG/H SOOPG))
i=0

where Hy, ..., H,, are representatives for the conjugacy classes of subgroups of GG. Proposition
implies that

YP(G)Y, AB(G/H), HeC

PG/H §PG ) ~
e ) {* H¢c

The result immediately follows. n

3.1 Coverings and Posets

We familiarize the reader with a computational tool which will be crucial to us. Let P be a
finite poset. Suppose that Y is a pointed topological space. A functor Y : P — Top, is called
a covering of Y if hocolimpY ~ Y. If Y and Y’ are two functors such that there is a natural
homotopy equivalence between them, then hocolimpY ~ hocolimpY’. If we replace Y by a

diagram whose maps are all cofibrations, then the homotopy colimit is the union |J Y(a).
acP
Now suppose that for any two elements a,b € P, there is a unique maximal element a A b

such that a > aAband b > aAb. Such posets are called meet semilattices. If P is a finite meet
semilattice, then P has a unique minimal element, which we denote by 0. Let P~o = P — {0}.

Lemma 30. Consider a functor Y : P — Top, with the property that Y (a) ~ * whenever
a # 0. Then hocolimpY ~ Y (0) A PY,

Proof. For any a € P, let P\, = {x € P : 2 < a}. The pointed space Y (0) AP? has a covering

Y’ defined by
Y'(a) = Y(0) A (P — {0})

If a # 0, then the poset P\, — {0} has a maximal element (namely, a), so it is contractible and
thus Y'(a) ~ ~. If a = 0, it’s obvious that Py — {0} is empty, and therefore its unreduced
suspension is S°. Thus, Y’ ~ Y, and so

hocolimpY =~ hocolimp¥Y’ ~ Y (0) A (Psg)¢
]

Now suppose that P and Q are two posets and f : P — Q is an order-preserving map. Let
us suppose that X : P — Top, and Y : @ — Top, are two functors such that

1. For every a € P, there is a map ¢, : X(a) = Y(f(a)).

19



2. Tf a < b, then the following diagram commutes

X(a) =Y (f(a))

Then there is an induced map hocolimpX — hocolimgY. The lemma below states that the
homotopy equivalence of Lemma [30]is functorial in a strong sense.

Lemma 31. Suppose further that P and Q are finite meet semilattices and for every a,b € P,
fland) = f(a) A f(b). If X(a) ~ x whenever a # 0 and Y (c) ~ * whenever ¢ # 0, then the
map hocolimpX — hocolimgY is the map

go A f:X(0) A (P=0)® = Y(0) A (Q=0)?

Proof. As in the proof of the previous lemma, replace X with the homotopy equivalent functor
X' defined by X'(a) = X(0) A (P, — {0})°, and replace Y with the homotopy equivalent
functor Y’ defined by Y'(c) = Y(0) A (Q\. — {0})°. O

3.2 The Primitives of an infinite representation sphere

Proposition 32. Let G be a finite group, and let X be a pointed G-space. Then for any
subgroup H C G, -
Pré/H (5°%e A X) =~ S(P(G)S ;) A X

where W = Wqg(H) is the Weyl group of H.
Proof. If H = G, then Pré/%(5>7c A X) = S° A X€, and by convention ¥(P(G)%,) A XC ~

Y(S7) A XY This deals with the case H = G, so let us henceforth assume H # G.
By definition, Pr/(§>%c A X) sits in a cofiber sequence

WA( U S%PE A XK) —= W\ (5P A XH) — Pré/H (5276 A X)

KoH

Every point in the the quotient space (So"ﬁg AXEY/(CUY So9PE A\ XK has isotropy group
KDH
equal to H, and therefore W acts freely on this quotient space. So we may replace the strict

quotient by the homotopy quotient.

( U SOOEIG( VAN XK)hW — (Sooﬁg VAN XH)hW —>P1"G/H(SOOEG A X)
KoH

Since H C G, the W-space S°°P¢ A XH A EW., has underlying points S A X# A EW,, ~
*, and its fixed points under any nonzero subgroup of W are also contractible because W
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acts freely on EW,.. Therefore, Sz NS G EW, is contractible as a W-space, and so
(5°P6 A XH) =~ . Tt follows that Pré/H# (5% A X) ~ B( | 576 A XE) . Let P(G)on
KDH

denote the poset of all subgroups strictly containing H. The space [J S5°9PG A XX has a
KDH

covering Y (—) indexed over P(G)-y. It is defined by

* K#G

Y(K) = 576 A XK ~
(K) {XG K=0

Therefore, Lemma [30| implies that
U 5276 A XK = hocolimp Y ~ Y(G) A PEy ~ XCAPY,
KDH

This completes the proof.

3.3 Subgroups complexes and the Frattini subgroup

Definition 33. Let F' C G denote the intersection of all of the maximal proper subgroups of
G. Tt is commonly referred to as the Frattini subgroup. When G is a p-group, F' is the minimal
subgroup of G such that G/F is an elementary abelian p-group.

Lemma 34. If H does not contain the Frattini subgroup of G, then P(G)~y is contractible.

Proof. For any subgroup K of G, let KF' denote the minimal subgroup of GG containing both
K and F'. Consider the poset map

[ :P(G)>a — P(G)-u
K— KF

Any proper subgroup K is contained in some maximal subgroup M of G, and therefore the
group K F is also contained in M = M F. Therefore, KF' is also a proper subgroup of G and
so f is a well defined map.

Since KF D K for every K, the map f is homotopic to the identity. Because KF' D HF
for every K, the map f is homotopic to the constant map at HF. Tt follows that P(G)~y is
contractible. O]

Proposition 35. Suppose G is a finite group and X is any pointed G-space. If H does not
contain the Frattini subgroup of G, then PrG/H(SOOﬁG A X) ~ x. If H contains the Frattini
subgroup of G, then

Pr/H(5°%a N X) ~ NP(G)8; AB(G/H) 4 A X©
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Proof. By Proposition [32]
Pré/H (5P A X) = S(P(G)% ) A X

If H does not contain the Frattini subgroup, then P(G)%H has contractible underlying points
and thus (P(G)%;)nw is contractible. If H does contain the Frattini subgroup, then every
subgroup containing H is normal, and thus W acts trivially on P(G)% ;. Thus (P(G)% ;) =~
PG, A BW,. O

4 Products on Primitives

Let X and Y be pointed G-spaces. Consider the composition below, where the second map is
inclusion of fixed points for the diagonal inclusion G C G x G:

Sp5,(X)C A S, (V)% = Spg, (X AY)*C s Sp (X AY)C
Specialize to the case X =Y = §%Pc¢. There is a homeomorphism of G-spaces
X AY = §°%c p\ §Pa =2 GG

given by interleaving the copies of the reduced regular representation p,. Thus, we obtain a
product structure on the Z/p-module Sp37,(5°7¢)%: it is a Z/p-algebra whose 0 element is
the basepoint.

Let us assume that G is a p-group. The goal of this section is to analyze the product on
Sp%‘}p(SOOﬁG)G in terms of its free Z/p-module basis which arises from Propositions |11|and :

SpZ;p(5°7<) = | | Sp, (Pre/($779)) = [ [ 8}, (SP(G)Sy A B(G/H)L). (A1)

HeC HeC
Let H, K € C (Definition 2§). Then the H-factor smashed with the K-factor maps to the
(H N K)-factor in the decomposition of Equation in the following way. Let p™ denote
the ratio %, where m > 0. The product on the basis elements Pro#(5°7¢) is the

composition
D D, GXG | yoop 0P, m 0P,
PrG/H(SOOpG) /\PrG/K(SoopG) — Priixx (§°%Pa A §°Pc) — Sp;/p(PrG/(HmK)(S Pa)).  (4.2)
The first map in Equation is the ‘product’ for primitives (Definition @ and the second is
‘restriction’ for primitives (Definition along the diagonal inclusion G C G x G.

Definition 36. Suppose that G is a p-group, and let H, K € C (Definition 28). We say that
H and K are transverse if the diagonal inclusion below is an isomorphism,

G/(HNK)— G/H x G/K.
Equivalently, H and K are transverse iff %
isomorphism, we say H and K are nontransverse.

= 1. If the diagonal inclusion is not an
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In the case where H and K are transverse, the composition of Equation [4.2]can be described
explicitly in terms of a natural product on subgroup complexes, and this is done in Proposition
If H and K are nontransverse the situation is more subtle, and for our purposes the
following weaker result suffices. Consider the stable analogue of Equation which results
from Propositions 20] and 29}

OY(Spgy, (5°CS%)) ~ \/ Spgy, (5*8°) A Pré/H (5>7a), (4.3)
HeC

The stable version of Equation [4.2] (with the middle term omitted) is

S Pro/H (§oPa) A S Pr/ (5Pe) — Sph (5370.5%) A e Pr/ (N (§oopa) (4.4)
Definition 37. Let %Z/p(—) denote the functor

Spz(—) = Sp(—)/SP5, ().
There is an obvious quotient map Spy ,(—) — %Z/p(—).
Proposition (43| says that the following composition is zero on F,-homology:
SoPr/H (§oPa) A EOOPrG\/Ii (5°9P0) — Spl (£°05°) A 5 Pr/ N (§ocra)
SPhp(5080) A SePr&/(HNH) (g7

This requires some work to do, and is a result of the following more general lemma. Let V
be an [F -vector space of rank m, viewed as an abelian group. Let X be a pointed V-space,
and let £ > 0 be a positive integer,. Then we prove (Lemma that the composition below,
where the first map is the restriction and the second is the quotient

Pr’(£°X) — Sp}, (£°X) — Spy,(X°X)

is zero on F,-homology in degrees £, (+1, ..., pf—1. We then take X = Pr&/HNK)(goopc p §oorc)

and V = %, and let £ — oo to deduce Proposition .

4.1 Subgroup Complexes and Transverse Subgroups

Recall that P(G)-y denotes the poset of proper subgroups of G which strictly contain H
(Definition , and P(G)gH denotes its unreduced suspension, regarded as a pointed space.
We write P(G)oy to mean the poset of all subgroups of G which contain H (including both
H and G itself). Then there is a map of posets

ﬁ(G)QH X ﬁ(G)QK — ﬁ(G)QHﬂK
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(H,K')— HNK'
If H and K are transverse, then H' N K’ = HN K if and only if H' = H and K' = K.
Therefore, we obtain a product map on the unreduced join of the two spaces P(G) g and
P(G)Sx-
PGSy *xP(G)e i = P(G)E k-

Note that the join of two spaces is the same as the suspension of their smash product.

Definition 38. Let G be a group, and let H, K < G be subgroups such that the diagonal
inclusion G/(HNK) — G/H x G/K is an isomorphism. The assignment (H', K') — H' N K’
yields a map of pointed spaces

SP(G)y AEP(G)E ke = P(G)S ke
which we call the subgroup complex product.

Proposition 39. Let G be a p-group. Let H, K € C be transverse subgroups of G. Under the
equivalence

Pr¢/H(§>Pc) ~ P(G),, A B(G/H),
of Proposition [35, the composite map
PrG/H(SOOpG) A PrG/K(S"OﬁG) — PrG/(HmK)(SOOﬁG)
i Fquation 1 give by the subgroup complex product, smashed with the equivalence
B(G/H)s A B(G/K), — B(G/(HNK)),

Proof. The fixed point space S°P¢ has a covering indexed over the poset P(G)>p. The cover

element corresponding to the subgroup H' O H is 5°P8 . The fixed point space S°PE has a
similar covering. The behavior of the interleaving map

—HNK

SO\ §PE ¢ §oPE \ goopl o goopd

with respect to this covering sends (H', K’) to H' N K'. Because H and K are transverse, one
has that H' N K’ = H N K if and only if H' = H and K’ = K. Therefore, the interleaving
map descends to the associated graded

(7 ) | ) SoP8 YA (5276 ) | ) §PE ) 5 (52| 5
H/DH K'2K LDHNK
and this map is given by the subgroup complex product
ZP(G)DH A EP(G>3K - EP(G)DHOK

The action of G/(H N K) on each side is trivial, so upon applying G/(H N K') homotopy orbits,
we get the desired result.
[
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4.2 Cyclic Powers and Primitives

Let Y be a pointed space. The symmetric powers of Y are defined in terms of the symmetric
group. We will define mod p cyclic powers in terms of elementary abelian p-groups. The mod
p cyclic powers of Y will be used to describe the restriction map on primitives.

Definition 40. Let m be any positive integer, and let V' = (Z/p)™. Let Fun(V,Y) be the
space of maps from V' (viewed as a discrete space) to Y, with an action of V' given by

(vf)(w) = flv™'w)  v,w eV, feFun(V,Y).
For two functions f, f' € Fun(V,Y), suppose that there are p points vy,...,v, € V such that
Flo) == Fo), fe) == f(u). ad
fwy=f'(v) YveV —{v,...,u,}

Then we write f ~ f’, and let ~ denote the equivalence relation on Fun(V,Y’) generated by

Fun(V)Y)/~
1%

the above conditions. The quotient is the V-th mod p cyclic power of Y, and is

m

denoted by Cycg/p(Y). There is an obvious quotient map Cyc‘Z//p(Y) — Sp’é/p(Y).

Note: The equivalence relation ~ is what makes it ‘mod p’. Without this relation, we
obtain a construction Fun(V,Y’)/V which we would call Cyc" (Y) if we had any use for it.

Definition 41. Let Funy(V,Y) C Fun(V,Y) denote the subspace consisting of those maps
which send at least one vector v to the basepoint of Y, and let Fun(V,Y") := Fun(V,Y")/Fung(V,Y).

Fun(V.Y)/~
Vv

The quotient is called the reduced V -th mod p cyclic power of Y, and is denoted by

=V . .
Cycg,,(Y). There is a commutative square of

Cycl, (Y) —=Sp, (V).

| l

- m

\4
CyCZ/p<Y) - %:;Z)/p(y>

Now suppose that Y is a pointed V-space, and let Y{¢' denote its underlying points.
Let ¢ : Y — Fun(V,Y{) denote the V-equivariant map defined by (p(y))(v) = vy. Let
0 € Fun(V, Y{¢}) denote the function which sends every element of V' to the basepoint of Y {¢},
It is easily seen that if W C V is a nonzero subspace and y € YW, then o(y) ~ 0. Therefore,
¢ determines a map (of pointed spaces)

— % Y/ wLio v Fun(V,Y{eh) / ~ v role)
p:Pr’(Y) = v — % =: Cycg,, (Y1) (4.5)
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Crucially for us, we have a commutative diagram where the composition along the top row is
the restriction map of Definition

Pr¥ (V) —5 Cyel, (V) ——sp, (V). (4.6)

~
~
~
~
~
A

I m
Cycy, (V) —Spy ), (YI)

The entire preceding discussion is natural in Y, i.e. all maps arise from natural transfor-
mations of functors from pointed V-spaces to pointed spaces. The following lemma describes
the behavior of the dotted map in the stable range.

Lemma 42. Let V = (Z/p)™, let X be a pointed space with an action of V', and let £ > 0 be
a positive integer. Then letting Y = XX in Equation@ the composition

PrV(SCX) = Cyc (£ X1) = Ty, (SX )
is zero on reduced IF,,-homology in degrees £,¢ +1,...,pl — 1. Therefore, the map of spectra
PV (5% X) = Cycl, (S°X ) = Cyey , (57X)

is zero on [F,,-homology. And therefore, the composition of the restriction map (Deﬁmtion
with the quotient map is zero on Fy-homology:

Pr¥(£%X) — Sp, (2 X1Y) = Spy, (57 X).

Proof. We first address the case where dim(V) = 1, i.e. V = Z/p. Let v € V denote
a generator. Write Y = X‘X. Then the V-space Fun(V,Y{¢}) can be identified with the
Cartesian product Y *? with the permutation action of the group Z/p.

Let A ' Y — Y*P denote the diagonal map, and let Ay, : Y — Y*P denote the twisted
diagonal map Ay, (y) = (y, vy, v%y, ..., vP"1y). Consider the following commutative diagram of
pointed spaces, where the maps YV — Y are the inclusion of the fixed points, and the columns
are cofiber sequences.

YV Y Y (4.7)
! - A
Yy — B Ly Vs

| | |

Y)YV —=Y>*P/im(A) —= Y"? /im(A)

26



After quotienting by the free action of V', the bottom row of Diagram is the composition
Pr’(Y) = Cyel, (Y ) — Tyey, (Y ().

Therefore, it suffices to prove that the composition along the bottom row of Diagram is
zero on homology in the stable range.

The space Y”P has homology concentrated in degree pf and higher, and so it is stably
contractible. Apply the functor H,(—) to Diagram for any £ < x < pf — 1, omitting the
middle column and adding another row at the top to obtain

Hoa (VYY) =% Hoa (Y7 /im(A)) (4.8)

H,(Y)

(
H.(Y) (j)
|

H(Y)YV)—2% 0, (Y™ /im(A)).

The maps f and g are equal, and go 7 = 0. Thus, f oj =0, and thus h = 0. Thus, Xh =0,
as desired.

Now suppose dim(V') > 2. Write V' = L&W where dim(L) = 1. There is an obvious natural
transformation Fun(L, Fun(W, —)) — Fun(V, —) , and therefore a natural transformation

Cycé/p(Cycgl/p(_» — CyCZ/p(—)

This natural transformation descends to the reduced cyclic powers Cycg/p(Cycg//p(—)) —

C_yc‘z//p(—). The composition
v ~ p.Lp.W e w ool oW e
Pri (=) = Pro(Pr (<)) = Cyeg, (Pr (<)) = Cyeg), (Cyezy, (=) = Cyegy, (=)

is the restriction Pr'(—) — Cch/p(—). By the dimension 1 case, the first step of this compo-
sition

Prt(Pr (£X)) = Pri(SPr (X)) — Cyey, (EPr (X)) = Cycy,, (Pr'V (5°X))

is zero on [F,-homology in degrees ¢,/ +1,...,pl —1. Therefore, the composition Pr¥(2/X) —
C_ycg/p(E@X) is zero on F,-homology in degrees ¢,¢{+1,... ,pl — 1.
[
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Proposition 43. Let G be a p-group. Let H, K € C be nontransverse subgroups of G. Let

p" = % Consider the following diagram where the horizontal map is the product of

Diagram and the vertical map is the quotient
R Pr/H (§2P0) A BXPrK(5P6) — Spfy (£°050) A BPre/ R (§2Pa)

%;2(20050) A EooPrG/(HmK)(SooﬁG)

The composition (dotted) is zero on F,-homology.

Proof. Take X = Pré/H0K)(Ggob A §Pc)  where G acts diagonally on S™P¢ A §°Pc. Let
V = GHXGK - Ohgerve that X has a residual action of V, and

~ G/(HNK)
Pr¥ (8°X) o~ No°Pr/H(§5%c) A uoPprC/K (§Pa),
The last line of Lemma [42| immediately implies the desired result. O

5 The first layer of the filtration

Let G be a p-group, and let X be any pointed G-space. Let Aff; ~ (Z/p) x GL,(FF,) be the
group consisting of affine transformation of the one-dimensional vector space over F,, and fix
an inclusion Aff; C 3, into the symmetric group on p letters. The equivariant classifying space
Bg(—) is a functor from groups to G-space, and is constructed in Definition The notion of
a p-local equivalence of spectra is Definition The main result of this section is the following
proposition, which is proven here using several intermediate results to be proven in the body
of this section.

Proposition 44. There is a p-local equivalence of genuine G-spectra
Spp,, (B¢ X) /Sp! (529 X) =~ X A ST ASTCBoA.
Note: The equivalence above is the n = 1 case of Theorem [I}

Proof. There is a cofiber sequence of functors
Sp' (=) === Sp”(—) —= Sph, ()

where A is the diagonal map. Thus by Lemma there is a natural equivalence of genuine
G-spectra

Spg/p(ZOOGX)/SpE/p(Z“GX) ~ X A Sp%/p(ZOOGSO)/Spé/p(ZOOGSO).
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Proposition [49| implies that the quotient map is a p-local equivalence
Spg/p(EOOGSO>/Sp1(EOOGSO> ~ Splz):/p(ZOOGSO)/Spp_l(EOOGS()).
Let F denote the family of nontransitive subgroups of ¥,,. Proposition 47| says that
Spp, (B7°CS°) /SpP~H(22CS%) = XY (ST A EgFL /%),
Propositions [54] and [55]| say that there are p-local equivalences of equivariant classifying spaces

EGf*F/Zp ~ (BGZp)+ ~ (BGAH1)+

5.1 Equivariant Classifying Spaces

The following definition of a G-equivariant classifying space is given in [20)].

Definition 45. Let A be any finite group. Suppose that F is a collection of subgroups of A
with the property that if I' € F, then every subgroup of I" and every group conjugate to I'
is in F. Then we define EqF to be the (G x A)-space with fixed points under any subgroup
I'C (G xA)

x if I'NAeF

FN
(Ee7) _{a) it TNA¢F

When F contains only the trivial group, EqF is denoted EgA. This space has a free action
of A. We call BGA = (EgA)/A the G-equivariant classifying space of A.

Example 46. Let

e p¢ be the real regular representation of G,

e R” be the reduced permutation representation of ¥,,,

e F denote the family of nontransitive subgroups of ¥,,, and

e for any representation V', let U(V') denote the unit sphere of V.
Then Lemma [21]implies that U(copg @ R?) = EgF.

Specialize the above example to the case n = p.

Proposition 47. Let F denote the collection of nontransitive subgroups of 3,. The cofiber

Sp’é/p(ZOOGSO)/SpZ;(EOOGSO) is equivalent to to ¢ (ST A EqF,/%,).
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Proof. Let X = SV, for any G-representation V. Then

Spg/p(sv)/SpZ;(Sv) ~ cof( SV _a, (SV)"/5,)

~ cof( SV 2~ (SV)'?)/5,
~ SV A cof (80— SVER" ) /%,
~SYANSTAUWV @RP), /S,

It therefore suffices for us to prove that U(oo(pg ® RP)) ~ EqF. Tt is an easy consequence of
Lemma [2I] that for any subgroup I' C G x £,

U)=0 if T'nX, transitive

U Rr)) =
(00(pe @ RP)) {U(R"o) ~ % otherwise

which completes the proof. O

5.2 p-local equivalences and Symmetric powers

It is well-known that the homotopy category of spectra carries a p-localization endofunctor
L,(—), and for every spectra X, there is a map X — L,X. For our purposes, here is the
definition of the p-localization we need.

Definition 48. A spectrum X is p-locally contractible if I—L(X;Z(p)) >~ (0. A genuine G-
spectrum X is p-locally contractible if ®#X is p-locally contractible for every subgroup H C G.
A map f: X — Y is a p-local equivalence if the cofiber is p-locally contractible.

Note that for CW complexes with finitely many cells in each dimension, a Z,)-homology
isomorphism is the same as an F,-homology isomorphism.

Proposition 49. Let G be a p-group. The n-th layer Sp™(X>°¢S%)/Sp"1(8>¢S%) in the
symmetric powers of X°%SY is p-locally contractible forn =2,3,...,p— 1.

Proof. Pick some positive integer ¢, and consider the n-th layer Sp"(S%¢)/Sp" *(S%¢) ~
(Stre)An /33, By induction on the group G, it is sufficient to prove that

ﬁ*(((SEpG>An/En>G;Fp) =0, x < 2n.
Since n < p, there are no nontrivial homomorphisms G — ,,, and therefore
(8" /20)C = (5 ™)0/Z, = (8" /%,

As in the notation of Lemma , let R™ denote the reduced standard representation of 3,,.
Then .
(S /S, = S A S /3,
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Since p is relatively prime to the order of X,,,

H (S'ASEY s F,) = H (5" ASE)F)s

n

which is concentrated in degree ¢n and higher. Since n > 2, the result follows.

5.3 Nontransitive subgroups of ),

Example [46]says that the (G x 3,)-space EqF is the space of ordered configurations of p (not
necessarily distinct) points in cops whose sum is zero and total length is 1. The subspace
consisting of configurations of distinct points carries a free ¥, action and is the (G x £,)-space
Egx,.

In this section, we prove that if G is a p-group, then the inclusion ZOOG(BGEP)+ —
Yx¢(EqF:+/%,) is a p-local equivalence (Proposition [54). The proof relies on Lemma [53]
which establishes a formula for the G-fixed points of a quotient space.

We must first establish two simple lemmas which are used to prove Lemma

Lemma 50. Let 0 € X, be a p-cycle, and let ® C X, be a nontrivial group normalized by o.
Then ® acts transitively on {1,...,p}.

Proof. Without loss of generality, let o be the permutation sending 1 — 2 +— 3+ --- = p+— 1.
Suppose that ¥ has some nontrivial permutation m sending p — j. Then o“jmo~" sends
ij— (i+1)j, fori=1,2,...,p— 1. Since ¥ is normalized by o, these permutations c¥ro~%
all lie in W, and so WV is transitive. [

Lemma 51. Let G be a p-group. If f, ' : G — X, are two distinct maps, then the group
I' C G x X, generated by I'y and I'y intersects X, transitively.

Proof. Pick some g € G such that f(g) # f'(g), and moreover such that f(g) is not the identity
permutation. In particular, f(g) must be a p-cycle because G is a p-group. Then I' contains
(g7 f(9N(g, f'(g9) = f(g)~' f'(g) # id. Hence, T intersects ¥, nontrivially. Let ¥ =T N %,
then ® is normalized by f(g) because

(9. fIT (g™ fl@™) =T = f(9)¥f(g)" =T
Now using the fact that f(g) is a p-cycle and Lemma [50} it follows that ® is transitive. O

Definition 52. ([20], Definition 14) Let G and A be any finite groups, and let H C G be a
subgroup. For any homomorphism f : H — A, its graph is the subgroup of H x A

I'y:={(h,f(h)) : he H}.
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Lemma 53. Let G be a p-group, and let X be a (G x ¥,)-space. For each x € X, let S, denote
the isotropy group of x. Suppose that for every point x € X, the intersection S, N (1 x ¥,) s
nontransitive. Then there is a decomposition

(X/2)%=( 1 x™)/=, (5.1)

f:G—=%p

where f varies over all homomorphisms from G to ¥,, and I'y C (G x X,) denotes the graph
of f. Here, a permutation o in ¥, takes a point of X7 to a point of XTorom1,

Proof. Let x be a point in the (G x X,)-space X, and let us suppose that the image of = in
X/¥%, is G-fixed. This occurs if and only if the projection of S, onto G is surjective.

We will show that S, contains some graph subgroup. Let us denote S, N (1 x X,) by V.
Then the group S, may be thought of as the graph of a homomorphism G — Ng(¥)/¥, where
N¢(V) is the normalizer of ¥ in G.

By assumption, W is nontransitive. If ¥ = 1, then S, automatically contains a graph
subgroup. If U is nontrivial, then by Lemma 50| the normalizer Ng(¥) contains no p-cycles.
Therefore, the order of the group Ng(W)/V is not divisible by p. So there are no nontrivial
homomorphisms from G to Ng(V)/W. It follows that S, = G x U, and therefore S, contains
a graph subgroup. In either case, S, contains some graph subgroup I'y, and thus z € X'7. Tt

follows that
(X/EP)G = ( U er)/zp'
f:G=Xp

All that remains is to show that if f and f’ are two distinct homomorphisms from G to
¥,, then X' and X1 are disjoint. By the assumption on X, it suffices to show that the
subgroup of G x X, which is generated by I'y and I'y intersects 1 x X, transitively. This is

Lemma B1l O

Proposition 54. The inclusion of G-spaces (EgX,) /X, = (EcF)/%E, is a p-local equivalence
on all fived point spaces.

Proof. Let X denote the mapping cone of the inclusion EgY, — EgF. By induction on the
group G, it suffices to prove that H,.((X/3,)% F,) = 0. By Lemma ,

(X/ZP)GQ( \/ er)/Ep

[:G—=3p
But for an arbitrary subgroup I' C (G x X,,),

= it 'NnX,=1
X"~ < S0 if TNY, nontransitive and nonempty

= it 'Y, transitive
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It therefore follows that X'+ ~ x for any graph subgroup I'y, and so C.(V X F,)

f:G=X)p
is acyclic. Any point in the pointed X,-space \/ X'/ has isotropy group nontransi-
F:G—=Y,
tive, and therefore C.( \/ X'/;F,) is a projective F,[¥,]-module. It then follows that
[:G—=3p
C.((V X')/%,;F,) is acyclic, as desired.

f:G—=Xp

5.4 Equivalence of Classifying Spaces

We prove a proposition analogous to a well-known nonequivariant statement, namely that the
map BeAft; — BgX, is a p-local equivalence on all fixed point spaces.

Let G and A be groups, and let X be a (G x A)-space. For any subgroup ¥ C A, let Cy (V)
denote its centralizer. In ([20], Definition 14), the following formula is given

(X xp EgA)© ~ H (X" ) hen (imp)-
[f]€Hom(G,A)/A

Note that this formula is a special case of Equation p.I] Specializing to the case X = %, we
deduce that
(BeA)© ~ IT  BCalmy). (5.2)

[f1€Hom(G,A)/A

Proposition 55. Let G be a p-group. The G-space map BgAfty, — BgX, induced by the
inclusion v : Aft; — X, is a p-local equivalence.

Proof. By induction on the group G, it suffices to check that the map of G-fixed points is
an F,-homology isomorphism. The base case, G = {1}, is equivalent to proving that B¢ :
BAff, — BY, is a mod p homology equivalence. This is an immediate consequence of (|1,
Theorem 5.5).
Let G be any p-group. By Equation the map (Bgt)Y : (BgAff1)¢ — (BgX,)¢ is given
by
(Bat)¢ 11 BCag, (imf) — I1 BCs, (imf).

[fl€Hom(G,Aff1)/Aff1 [fleHom(G,Xp) /%y

Every nontrivial homomorphism G' — Aff; or G — ¥, factors through a quotient of G isomor-
phic to Z/p, so we may assume G' = Z/p. We now describe conjugacy classes of homomorphisms
from Z/p to each of Aff; and %,

e The nontrivial homomorphisms f : Z/p — Aff; are all conjugate, and each has centralizer
equal to im(f). The trivial homomorphism has centralizer Aff;.
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e The nontrivial homomorphisms f : Z/p — 3, are all conjugate, and each has centralizer
equal to im(f). The trivial homomorphism has centralizer 3,,.

Thus, the map (Bzpt)2/P 1 (Bz,Aff1)2/P — (Bg),%,)%/? is given by
(Bzpt)™'? : BZ/p U BAff, — BZ/p BY,,

The map on the first summand is the identity. The map on the second summand is B :
BAff; — BY,, which is an F,-homology isomorphism ([I], Theorem 5.5).
m

Note: Just as in the nonequivariant case, ¥°%(BgY,) is a stable summand of %°°¢(BgZ/p) +
with the inclusion map given by the transfer.

6 Mod p symmetric powers and Steinberg summands
Let G be a p-group.
Definition 56. For every n > 0, define the genuine G-spectrum Mg(n) by
-n " 0 "1 oo
Mg(n) :== 5" ASpy, (2 GSU)/Sp%/p (206 8%,

When G is the trivial group, we simply write M (n). Note that for any 4,7 > 0, the product
maps on mod p symmetric powers (Definition {4 give rise to product maps

Me (i) A Ma(5) — Ma(i + ).

Definition 57. Recall from (|20], Definition 12) that for any pointed (G x GL,)-space X, its
Steinberg summand e, X is the naive G-spectrum

enX = (Z7"BY A X) Aar, (EqGL,)..
Define the genuine G-spectrum e, X by promoting e, X via Definition [15] i.e.
e, X =i.(e;X).

We construct an equivalence between the genuine G-spectrum Mg(n) and the Steinberg
summand of the equivariant classifying space Ba(Z/p)7, i.e.

Theorem 1. For every integer n > 1, there is an equivalence of genuine G-spectra

Ma(n) ~ enBa(Z/p)"
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We provide the proof here, referencing the supporting computational results proven in this
section.

Proof. Proposition 44| states that there is an equivalence of genuine G-spectra
Mg (1) ~ S79BoAff,.

Because BY ~ SO, it follows immediately from the definitions that there is an equivalence of
genuine G-spectra e, Bg(Z/p), ~ %% (BgAff1), . Therefore, Proposition |44]is the n = 1 case
of Theorem [I} namely

Mg(l) >~ elBGZ/p+. (61)

The proof of Theorem [1] relies on the follow diagram
e,Ba(Z/p) — (e1BgZ/p:)"" == Mc(1)"" — Mg(n) (6.2)

where the first map is the inclusion of the Steinberg summand, the middle equivalence is from
Equation and the last map is the product map. In diagram above, we wish to show
that the composition is a p-local equivalence on all geometric fixed point spectra. By induction
on the group G, it will suffice to check that it is a p-local equivalence on G-geometric fixed
points, and this can be checked at the level of F,-homology. That is, we wish to show that the
induced map

f+ Ho(®%(e,Ba(Z/p)1); Fy) — Ho (D9 (Mc(n)); Fy)

is an isomorphism of graded IF,-vector spaces. This is Corollary [

The proof of Corollary may be outlined as follows. The geometric fixed point spec-
tra ®“(e, Bg(Z/p)t) and ®%(Me(n)) have been given explicit decompositions (discussed in
Section 6.1, Proposition indexed over the subgroups H € C. Thus in Section 6.3 we
present bases for the two F,-vector spaces H.(®“(e,Ba(Z/p)t);F,) and H,(®%(Mg(n));F,)
and the map f all in terms of matrices. Because the two groups H,(®“(e,Bg(Z/p)'t); Fp) and
H,(®%(Mg(n));F,) are abstractly isomorphic, it suffices to prove that f has trivial kernel,
which boils down to a linear algebra problem which is done in Section 6.2, Corollary [65]

6.1 H-summands

Let G be a p-group, and let C denote the poset of subgroups H < G such that G/H is an
elementary abelian p-group (Definition [28).

Definition 58. For every H € C, let d(H) denote the rank of G/H as an F,-vector space.
Note that two subgroups H, K € C are transverse (Definition [36)) if and only if d(H) + d(K) =
d(H N K).
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Proposition 20 implies that, for every N > 1 there is an equivalence of spectra

BUSpy, (5795%) = \/ SpH/7 I (£050) A Pré/H (5P

Pz/p
HeC

which is suitably compatible with the inclusions Sp~'(—) — Sp”(—). Taking N = p", we
immediately deduce the formula

Mg (n) ~ \/ Ma(n — d(H)) A D" Pre/H (5276)
HeC (6.3)
~ \/ Ma(n—d(H)) AS'""DP(G)S, AB(G/H),
HeC

Definition 59. Let n be a positive integer and H € C be a subgroup of G. The spectrum
Mg(n, H) := M(n — d(H)) A D pr&/H (gooPe)

is called the H-summand of ®“Mg(n). For any two positive integers m,n and subgroups
H, K € C, there is a product map

Mg(m, H) AN Mg(n, K) = Mg(m +n,HNK)
which is determined by the product maps
®C Mg(m) A € Mg(n) — ®°Mg(m +n).

Proposition 60. Let G be a p-group and let n be any positive integer. For every subgroup
H € C, there is an equivalence of H-summand spectra

Mg(n, H) ~ E,(H). (6.4)

where E,(H) is the H-summand of the fized point spectrum (e, Ba(Z/p)%) ([20], Definition
20).

Let m,n be positive integers and suppose that H, K € C are transverse. Then there is a
commutative diagram

Mg (H) A Mg n(K) —> Mg min(H N K)

Epn En(K) Epin(H N K)

where the rows are the products on summands, and the columns are the equivalences just
described.
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Proof. By Proposition [35]
Pré/H(§o0e) ~ SP(G)Y A B(G/H).

When G/H is elementary abelian, the subgroup complex P(G)~y is identical to the flag
complex of the F,-vector space G/H = (Z/p)**). By (|18], Theorem A), the layer M (n—d(H))

is p-locally equivalent to en_d(H)B(Z/p)i_d(H). Thus,
Mg(n, H) := M(n — d(H)) A S~ pr&/H (go%e)
n—d —

~ eo_aun B(Z/p)y " ASTIEBS ) A B(G/H)

=: E,(H).
When H and K are transverse, the subgroup complex product (Definition is identical to the
flag complex product ([20], above Proposition 10). Therefore, by combining Proposition 39| with
([20], Proposition 21), we deduce that the equivalence S~ Pr&/H(§o0c) ~ Zl_d(H)B_d(H) A
B(G/H) respects the products on both sides.

The equivalence M(n — d(H)) ~ en,d(H)B(Z/p)Td(H) constructed in (|I8], Theorem A)

was built so as to respect the product structures on both sides. Therefore, the equivalence
Mg(n, H) ~ E,(H) respects the product structures on both sides. O

We note the following corollary.
Corollary 61. There is an equivalence of spectra
¢ M (n) = (enBa(Z/p)L)°.
Proof. Combine Equation Equation and ([20], Definition 20). O

6.2 Matrices with transverse row nullspaces

Definition 62. Let n,r > 0 be nonnegative integers. Then we write Mat,, , = Hom((Z/p)", (Z/p)")
for the set of n x r matrices with entries in the field F,. For each subspace V' C (Z/p)", let
Mat,, (V) C Mat,,, denote the set of n x r matrices with nullspace V.

Definition 63. Let 7 C Mat, , denote the set of n x r matrices with the following property:
if a matrix A € T has exactly k nonzero rows for some k, then those nonzero row vectors are
linearly independent. Let 7 (V) C Mat,, (V') denote the intersection 7 (V') = 7 N Mat,, (V).
The set T(V) is equivalently characterized as the set of n x r matrices with nullspace V' and
exactly s nonzero rows, where dim(V') =r — s.

The GL,,-set Mat,,,, decomposes as

Mat,, = | | Mat,, (V).
Ve@/p)y
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Fix a subspace V' C (Z/p)", and write dim(V') = r — s. Our goal in this section is to prove the
Proposition [64] below.

Proposition 64. Let D be any finite-dimensional F,|GLy,|-module. Let A denote the F,[GL,,]-

module A= @ D. The composition
Maty, (V)

en(—)

prOjT(V)

€nA( A A enA

is a monomorphism of Fy-vector spaces. Therefore, because the source and target have the
same dimension, the composition above is an isomorphism.

Before we discuss the proof of Proposition [64] we record a corollary, which is used in the
proof of Corollary (71| and thus of Theorem

Corollary 65. Let D denote the F,|GL,,| module D = H.(B(Z/p)";F,). The following com-
position 1s an 1somorphism

en @ D€l P Dme?" P D—se, @ D.

Maty, Maty,r Matn,r Maty,r

Proof. The decomposition Mat,, = || Mat,,(V) is GL,-equivariant, so it suffices to
VC(Z/p)"

prove the same statement with Mat,, , replaced by Mat, (V). Next, we observe that the

following diagram commutes:

e @ D DD DD e, @ D.

Maty,, \Mat,mn Maty, - Maty,r
F @ DI D
Mat,, Maty,,
Now the proof statement is an immediate corollary of ([20], Proposition [64). O

We now prove Proposition We need some notation and lemmas.

Definition 66. Let T C 7 (V) denote the subset of matrices whose last s rows are nonzero.
Let N be the free F,[GL,|-module

N= & F,[GL,.

Mat,, (V)

Associated to the subsets T C T(V) C Mat, (V') are endomorphisms projr, and projy of
the vector space N such that

PTroj7(y) © PrOjy = PIOjy = PIOjy © Projr(y,-
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Recall from ([20], Section 1) that B,, (resp. ¥,) denotes the group of invertible n x n upper
triangular matrices (resp. permutation matrices). The elements B, and Y, of the group

algebra Z,)[GL,] define endomorphisms of the IF,[GL,]-module N. The conjugate Steinberg

idempotent é, is the element of the group ring Z)[GL,| defined by é, = i - B,>,,, where

cn EL.

Let(p)Bn_S X By C B, (resp. X, s X X,) denote the set of upper-triangular matrices (resp.
permutation matrices) whose ij-th entry is zero whenever 1 <i <n—sandn—s+1<j <n.
Let é,_sXé, € F,[GL,] denote the image of the idempotent element é,_,®é, € F)[GL,_,] ®r,
[F,[GLs] under the block inclusion.

Lemma 67. The following two endomorphisms of N as an F,-vector space are equal:
projy o B, o projry = Bn—s X Bs 0 projy.

Proof. Let A be an n x r matrix in 7(V) and let b be an n x n invertible upper triangular
matrix. Then

bAeY <— (b€ B,_sx Bsand A€ T).
It immediately follows that

projy o B, o projT(V) = projy o B,,_s X Bg o prOjT(V)'
The set T is preserved by the group GL,_, x GL,, and so it follows that

projy © By_s X B 0 projyyy = By—s X Bs 0 projy © projry,
= B,_s X Bs o projy.

]

Lemma 68. The composition é,N—— N PN isa monomorphism of IF-vector spaces.

Proof. For any sub-IF,-vector space L C N, we write projy(L) to denote the image of L under
the endomorphism projy. There is an inclusion of IF,-vector spaces

prOjT(énN) - prOjT((én—s D éS)N)'

We will prove that these two vector spaces are equal. Because the set I' C Mat, (V) is
preserved by the subgroup GL,_; x GLg; C GL,, it follows that

projy((é,—s M és)N) = projyprojy((én—s K é5)N) = projy((é,—s X é5)projy N).
Therefore the F,-vector space proj((é,—s X é;)N) is spanned by elements of the form

projy((én-sMé)(A®x)),  AeT,zeGLy.
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Pick such an element. Let b be any element of the group of block upper triangular matrices
B, _s X Bs. Then for every o € X,,, we have

oc-b-AeY < o€ X, _, XX,
Therefore, it follows that
projy(Xn_s X X By_s X By - (A® 1)) = proj¢ (X, - Bu_s X By - (A® 1)).

Now let b be any element of the group B, such that b ¢ B, x Bs. Then it follows that
b-A¢&T(V). So for any permutation matrix o € ¥,,, we have o -b- A ¢ T (V). In particular,
o-b-A¢7Y. Therefore

projr(in By s X Bs- (A® 1)) = projT(fn - B, - (A®x)) = projy(én,(A ® x)).
We therefore conclude that

projy((én—s Xés) V) C prOjT(énN)v

and therefore the two IF,-vector spaces above are equal.

We now prove that dimg, (é,N) = dimg, (projy((é,—sXés)N)). From this fact, we will con-
clude that é, N and projy(é,/N) have the same dimension as F,-vector spaces, which completes
the proof. Because N = @ F,[GL,] is a free F,[GL,]-module, we calculate

Matn,r (V)
dimg, (6,NV) = dimg, (e, N) = dimg, (St, @qr, V)
= dimg, (St,,) - |Mat,, (V)]
s—1
= o3 [T - )|
i=0

Because projr N = @ F,[GL,] is a free F,|GL,_s x GLs]-module, we calculate
Y

dimp, (projy ((én—s X é,)N)) = dimg, ((é,—s X é5)projy N)

. |GL,|
=d St,,_s ® Stg) - |T] -
i, (Stn—s @ 8t) - 1T1 - fop —="aT]
. |GL,|
=d St,_s ® Stg) - |GLg| -
g, (Sto—s @ St) - |G| ="
T )
pr=p
o n—s + S Z:O
_|p3+) . =
H <pn—s _ pz>
=0
It is routine to check that the two boxed expressions are equal. O]
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Proof of Proposition[64] Any such D receives a surjective map from a finite-dimensional free
F,[GL,]-module. Therefore it suffices to consider the case D = F,[GL,]. In this case, A is

equal to the module N = @ F,[GL,] defined earlier.
Matnp, (V)
Let z € N be any element such that e,z is nonzero. We wish to prove that e, (proj ) (en))

is nonzero. We will prove that projy(e,(projr(e,x))) is nonzero.

projy (€n(projry(en))) := projTﬁninprojT(V)Eninm

= projy BuprojranXn Bz (T(V) is ¥,-invariant)
= B,_s X Bsprojy X, BpY,x. (Lemma 3.3)
Recall from 77 that for any Z)[GL,|-module M, the linear operators
B, : énM:enM Y,

are inverse isomorphisms. Therefore, because the element e,z = B,%,z was assumed to be
nonzero, it follows that the element ¥,B,%,x is nonzero. Therefore, by Lemma 3.2, the
element projyinﬁninx is nonzero.

The conjugate Steinberg idempotent é, can be written in the form

én = (én—s & és)Un_s,sEshuf(n — S, 5)_

It therefore follows that the summand é,N = X, B, N is a sub-FF,-vector space of (é,_sXé;)N.
Therefore, the element ¥, B,%,z is an element of the vector space (én—s X és)N. The set T
is preserved by the group GL,_s x GLg, and so it follows that the endomorphisms projy and
én_s X &, commute. Therefore, projy%, B, lies in the vector space (é,_, X é,)N.

The linear operator

By X By ¢ (bn_s B é,)N = (en_s Rey)N

is an isomorphism. Therefore, because projy>,, B, >, is a nonzero element of the vector space

(6n_s X é,)N, we conclude that B,_, X B,projy%,B,%,x is nonzero, as desired. O

6.3 Proof of Theorem 1

Let G be a p-group, and let n,7 be positive integers such that n > 4. For any pointed
(G x GL,)-space X, there are inclusions and projections of Steinberg summands as defined in
(]20], Sections 2.2 and 2.3),

enX = (e,Me, )X and (e;Ne, ;)X — e, X.

We thus obtain an inclusion of najve G-spectra e, X — ef"X.

We now specialize to the case where X is the G-equivariant classifying space with a disjoint
basepoint, X = Bg(Z/p):. In this situation, the fixed point spectrum (e,Bg(Z/p)7)¢ was
given a complete description in ([20], Section 4.2). We express that description in terms of
matrices for the purposes of our computation.
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Definition 69. Let G be a finite p-group. We denote by F' the minimal subgroup of G such
that G/F is elementary abelian. We let r denote the rank of G/F, and we fix an isomorphism
G/F = (Z/p)". The subgroups H € C are in bijective correspondence with linear subspaces
V C(Z/p)", and we let cd(V') denote the codimension of V.

Thus,
(enBa(Z/p)t)¢ ~en \/  BZ/p)

Hom(G,(Z/p)™)

=én \/ B(Z/p)}

Maty,r

(6.5)

There is an equivalence of (GL; x - -+ x GLj)-sets given by using the i-th input row vector as
the i-th row of the output matrix for i = 1,2,...,n,

Mat;, x --- x Mat;, = Mat,, ,.
Then the Steinberg inclusion (e, Bg(Z/p)7)¢ — (5" Bg(Z/p)%)¢ is described by the inclusion

of Steinberg summands

én \/ (Z/p)y — X \/ (Z/p) ~ (e \/ B(Z/p)4)"™"

Maty,, Matn,, Maty

Expressed on the level of homology, the map H,(®%e, Bo(Z/p)";F,) — H.(®“e¥Bg(Z/p)";F,)
is given by the inclusion

en @ H.(B(Z/p)";F,) — ¢ €D H.(B(Z/p)";F,). (6.6)

Matn r I\/Iatn r

The product H,(®CMg (1)) — H,(®%Mg(n)) can also be described in this language. By

Proposition ) )
AL Ma(1)"™) 2 F(09e Ba(Z/p)': F,)

—61 EB H.(B(Z/p)";F,) (6.7)

Matn r
And by Corollary
H,(9Mg(n)) = H,(9e,Ba(Z/p)}; Fy)
~e, (P H.(B(Z/p)";F,) (6.8)

Mat,,

Proposition 70. Under the isomorphisms oquuatzons. and. the product H,(®C Mg(1)"") —
H, (Mg (n)) on the layers in the mod p symmetric powers is giwen by the composition

& @ H.(B(Z/p)";Fp) 22 cB @ H.(B(Z/p):F,) —en @ HAB(Z/p)"T,).

Maty,, Maty, Mat,,
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Proof. The GL;-set Mat, , is a disjoint union Mat,, = || Maty,(V), where Mat, (V) is
vVa(z/p)"

the set of r-dimensional row vector with nullspace V. Note that Mat; (V') is empty unless V

has codimension 0 or 1. Let Hy,..., H, € C, and let V;,...,V,, C (Z/p)" be the associated

subspaces. There is an isomorphism by using the i-th input row vector as the i-th row of the

output matrix for i =1,2,... n,

I—l Maty (V1) X -+ x Maty (V) = |_| Mat,, .(V).

Vi,...,Va C(Z/p)" VE(Z/p)

which maps Mat, (V1) x --- x Maty .(V,,) = Mat,,.(ViN---NV,). Observe that collection of
(codimension 0 or 1) subgroups Hy,..., H, € C are transverse (Definition if and only if
the matrices coming from this map are in 7 (Definition [63)).

Let H € C, and let V' C (Z/p)" be the associated linear subspace under the isomorphism
G/F = (Z/p)". By the definition of the spectrum E, (H) (|20], Definition 20)

H.(E,(H);F,) e, @  H(BEZ/p)"F,)
Hom(G/H,(Z/p)™)

en @ HAB(Z/p)" ).

Matn, (V)

2

Under the isomorphism of Equation the product of H-summands in the Steinberg
projection H,(®“e¥"Bg(Z/p)") — H.(®%e,Ba(Z/p)T), namely

(é) H.(E\(H,);F,) = H(E,(H,N---N Hy,);F,) (6.9)

is given by

Qe P mBZHE)| e P HBET,).
Matq - (

=1 Vi) Maty,»(ViN--NVy)

Let Hy,..., H, € C be subgroups. The product H,(®%Mg(1)""F,) — H.(®CMg(n);F,)
can be described in terms of the maps on H-summands (Definition [59)

(é) H,(Mg(1, Hy);F,) — H,(Mg(n, H 0 --- N Hy)). (6.10)

i=1

Note that Mq(1, H;) ~ 0 if d(H) > 2. If the subgroups Hy,..., H, are transverse then by
Proposition [60] the map of Equation is given by Equation [6.9] If the subgroups Hy, ..., H,
are nontransverse then by Proposition the the map of Equation is zero. O]
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Corollary 71. The composition
e.Ba(Z/p)t — (e1Ba(Z/p)+)"" = Mc(1)"" — Ma(n)
is an isomorphism after applying the functor H,(®%(—);TF,).

Proof. Equation gives us a description of the first map, and Proposition gives us a
description of the second map. Now apply Corollary ]

7 Splitting of the filtration

Recall from Section that the mod p symmetric powers of the equivariant sphere spectrum
are a filtration for the equivariant Eilenberg-Maclane spectrum of . Written below are only
the stages at powers of p,

2080 = Spl(8%CS0) ¢ SpP(R=CSY) ¢ SpP (RXCSY) C .- C Spe(U*USY) ~ HF

i
In this section, we give a short proof of Theorem

Theorem 2. Let G be any finite p group. The filtration {Spg;p(Z‘X’GSO)}nzo splits into its
layers after smashing with HE,. That is, there is an equivalence of HIF,,-modules

HF, N HF, ~ \/ HF, A S"e,Ba(Z/p)’.
n>0
First, we need a lemma.
Lemma 72. The inclusion $°¢S° — Spg/p(Z“GSO) has a retraction after smashing with

HE,, namely

< — — — — —

ZOOGSO A HEP - - SpZZ’/p(ZooGSO) A HEp )
Proof. The composition

IS — Sp;/p(EOOGSO) — Sp%p(E“GSO) ~ HF

P

is the unit map. Therefore, after smashing with HF , and composing with the product map
i HEP A HEP — HEP, we have the commutative diagram

$¢S0 A HE, — (Sp},, (¢ S°) A HF, — HE, A HF,

~

=< K
1d S~

HE,

The dotted map provides the splitting. O]
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Now Theorem [2] is an immediate corollary of the following proposition.

Proposition 1. There is a monomorphism (dotted) which splits the cofiber sequence shown.

- — —

n—1 mn n n—1
HE, ASpy, (2°98°) —— HF, A Spy,, (8°¢S°) —— HF, A Spy, , (8°¢S°) /Spy, , (E7°¢S°)
Proof. Let t; denote the retraction map of Lemma ie.

Define the map ¢, by the composite in the top half of the diagram of HIF -module spectra
below,
n n—1
Sp‘%/p(EOOGSO)/Sp;/p (3¢S0 A HF,=—==7%¥"e,Ba(Z/p)} N HE,
|
| C

|
(Se1BoZ/p, )" A HE,

tn |

I

| 1A
4

SpY, (5<¢S%) A HE,

|

n n—1 n
Sp%/p(zooGS())/Spg/p (EOOGSO) A HEP*SPQ/I)(XEOOGSO) A HEp

(Sp;/p(zooG’So))/\n A HEp

Since t; is a retraction, it follows that the composite map
Y"e,Ba(Z/p)} N HE, — Spy,, (37¢S°) /Spy,,, (8°¢S°) A HE,

along the right and bottom of the commutative diagram, is an equivalence. Therefore, by
commutativity, the composite along the left side of the diagram is an equivalence, and so t,, is
a retraction. O
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